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Phase space: the 2N dimensional space defined by 

variables q1,q2,…,qN, p1,p2,…,pN 
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Let V be a set and f : V → V a map on this set.  

We say that f is chaotic on V if  
 

1.  f has sensitive dependence on initial conditions. 

2.  f is topologically transitive. 

3.  periodic points are dense in V. 
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applications of f. 

There exist points arbitrarily close to x which eventually 
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Chaos 
2. f is topologically transitive. 
 

f : V → V is said to be topologically transitive if for any 

pair of open sets U, W ⊂ V there exists n > 0 such that  

f n(U) ∩ W  ∅. 

This implies the existence of points which eventually 

move under iteration from one arbitrarily small 

neighborhood to any other.  

Consequently, the dynamical system cannot be 

decomposed into two disjoint invariant open sets.  
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Chaos 
A chaotic system possesses three ingredients: 

1. Unpredictability because of the sensitive 

dependence on initial conditions 

2. Indecomposability because it cannot be 

decomposed into noninteracting subsystems due 

to topological transitivity 

3. An element of regularity because it has periodic 

points which are dense. 

 Usually, in physics and applied sciences, people use 

the notion of chaos in relation to the sensitive 

dependence on initial conditions. 
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Poincaré Surface of Section (PSS) 

In general we can assume a PSS of the form qN+1=constant. Then only 

variables q1,q2,…,qN,p1,p2,…,pN are needed to describe the evolution 

of an orbit on the PSS, since pN+1 can be found from the Hamiltonian.  

We can constrain the 

study of an N+1 

degree of freedom 

Hamiltonian system 

to a 2N-dimensional 

subspace of the 

general phase space.  

In this sense an N+1 degree of freedom Hamiltonian 

system corresponds to a 2N-dimensional map. 

Lieberman & Lichtenberg, 1992, Regular and Chaotic Dynamics, Springer. 
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Island of stability 
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tn,  xM(tn)-A<0 

tn+τ,  xM(tn+τ)-A>0 

tn+2τ,  xM(tn+2τ)-A>0 

Integration step 

(for variable xM) 

is T=A-xM(tn).  

t=tc,  xM(tc)-A=0 ! 
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Computation of the PSS 

Both sets of differential equations 

can be written in a common form 

(Hénon 1982), where τ is the 

integration variable:  τ=t,  

Κ=1 

τ=xM,  

Κ=1/fM(x1, x2, …, xM) 



Variational Equations 

We use the notation x = (q1,q2,…,qN,p1,p2,…,pN)T. The 

deviation vector from a given orbit is denoted by 

v = (δx1, δx2,…,δxn)T , with n=2N 

The time evolution of v is given by 

the so-called variational equations: 

 
dv

= -J P  v
dt

  i, j = 1 , 2 , , n
  
 

  

2
N N

i j

N N i j

0 -I H
J =   ,  P =

I 0 x x

where 

Benettin & Galgani, 1979, in Laval and Gressillon (eds.), op cit, 93 



Example (Hénon-Heiles system) 

Hamilton’s equations of motion: 

   2 2 2 2 2 3

x y

1 1 1
H = p + p + x + y + x y - y

2 2 3

i i

i i

d p d qH H
= -   ,  =

d t q d t p

∂ ∂

∂ ∂





 




x

y

x

2 2

y

x = p

y = p

p = -x - 2xy

p = -y - x + y



Example (Hénon-Heiles system) 

Hamilton’s equations of motion: 

   2 2 2 2 2 3

x y

1 1 1
H = p + p + x + y + x y - y

2 2 3

i i

i i

d p d qH H
= -   ,  =

d t q d t p

∂ ∂

∂ ∂





 




x

y

x

2 2

y

x = p

y = p

p = -x - 2xy

p = -y - x + y
In order to get the variational equations we linearize the above equations by 
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
Complete set of equations 



Lyapunov Exponents 

Roughly speaking, the Lyapunov exponents of a given 

orbit characterize the mean exponential rate of divergence 

of trajectories surrounding it.  

Consider an orbit in the 2N-dimensional phase space with 

initial condition x(0) and an initial deviation vector from it 

v(0). Then the mean exponential rate of divergence is:  

 t

v(t)1
σ (x (0 ), v(0 )) = lim ln

t v(0 )

We commonly use the Euclidian norm and set 

d(0)=||v(0)||=1  



Lyapunov Exponents 

There exists an M-

dimensional basis {êi} of v 

such that for any v, σ takes  

one of the M (possibly 

nondistinct) values 

σi(x(0)) = σ(x(0), êi) 

which are the Lyapunov 

exponents.  

In autonomous Hamiltonian systems the M exponents are ordered in 

pairs of opposite sign numbers and two of them are 0. 

Benettin & Galgani, 1979, in Laval and Gressillon (eds.), op cit, 93 



Computation of the Maximum 

Lyapunov Exponent 
Due to the exponential growth of v(t) (and of d(t)=||v(t)||) 

we renormalize v(t) from time to time. 

Then the Maximum Lyapunov exponent is computed as 

n  


n

1 i

i= 1

1
σ = lim ln d

n



Maximum Lyapunov Exponent 

If we start with more than one linearly independent 

deviation vectors they will align to the direction defined by 

the largest Lyapunov exponent for chaotic orbits.  

σ1=0  Regular motion 

σ10  Chaotic motion 



Maximum Lyapunov Exponent 

Hénon-Heiles system: Regular orbit 



Maximum Lyapunov Exponent 

Hénon-Heiles system: Regular orbit and Chaotic orbit 
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